MODERATE DEVIATIONS FOR A DIFFUSION TYPE PROCESS IN 

RANDOM ENVIRONMENT 

P. CHIGANSKY AND R. LIPTSER 



Abstract. Let cr(u), u G R be an ergodic stationary Markov chain, taking a finite number 
of values ai, . . . , am, and h{u) = g{a{u)), where <; is a bounded and measurable function. 
We consider the diffusion type process 

dXt = b{Xt/e)dt + e''o{Xt /e)dBt, t < T 

subject to Xq = xo, where e is a small positive parameter, Bt is a Brownian motion, 
independent of a, and k > is a fixed constant. We show that for k < 1/6, the family 
{Xt }s^Q satisfies the Large Deviations Principle (LDP) of the Freidlin-Wentzell type with 
the constant drift b and the diffusion a, given by 

i — l ^ i— 1 ^ i — 1 

where {tti, . . . , Tr^} is the invariant distribution of the chain oiu). 

1. Introduction 

M. Freidlin and R. Sowers, [5], study the LDP for the vector diffusion Markov processes, 
defined by the Ito equations with respect to Brownian motion Bt, 

Xl = XQ+ [ b{XI/e)ds + e'' [ cj{Xl/e)dB,, (1.1) 
Jo 

where e > is a smah parameter and h{x) and ct{x) are smooth periodic functions with 
period 1. The existence of three different LDP regimes, depending on the value of k, is 
shown in [5]: 

kg(^0, '^=\ and kg(^^,oo^ 

where in the second and the third regimes the rate functions are not of the classic LDP 
of Freidlin- Wentzell's type. The first regime is characterized by the same rate function as 
for a diffusion process Xf with constant drift and diffusion parameters. Particularly, in the 
scalar case 

XI = XQ + ht + e'^^/a.Bt, 
where b = ^||^/ Jq ^^d a = l/ -^^^ds. In this context, following the termi- 

nology of [6], we shall refer LDP for k G (0, ^) as MDP (Moderate Deviations Principle). 

The aim of this note is to extend the MDP to a scalar diffusion in a random environment, 
namely, when b{u) = b{uj,u) and a{u) = a{uj,u) are random processes, independent of the 
Brownian motion. 
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We assume that cr{u) is a stationary and ergodic Markov chain with a finite alphabet 

A = {ai, . . .,am}, ai / 0, 

having right continuous paths with left limits. We assume that 

h{u) = g{(T{u)) 

for some bounded measurable function g{x). 

We prove the existence of MDP in the random environment for 

1 
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1.2) 



in / \ in ^ in ^ 

where vr = (tti, . . . , TTm) is the invariant distribution of a{u). 

In [5] the LDP is derived using the Markov property of and asymptotic analysis, as 
e ^ 0, of the log moment generating function (hereafter \{t) is a test function): 



lim e^*^ log E ( exp 



r 1 

72k 



\{t)dXl 



(1.3) 



(see, e.g., Ch. 2.3 and Ch. 5.1 in Dembo and Zeitouni, [2], Dupuis and Ellis, 0, Gartner 
and Freidlin, [1]). When the environment is random, Xf is not a Markov process anymore 
and calculation of the limit (|1.3p is quite involved. Instead of (jl.3|) . we apply the Puhalskii 
approach based on the martingale exponential 

(■T 



3t(A) = exp 



1 

I2k 



\{t)dXl - log ^t{X^ 



analysis, where 



4(X^ 



exp 



1 

I2k 



\{s)h{Xt/e) - ^a\Xl/e) 



ds 



is the cumulant process compensating exp X{t)dXf^ up to a local martingale. Suf- 

ficient conditions for the MDP can be formulated in terms of the cumulant process (see 
Corollary 4.3.8 in [13]) and in our setting even directly in terms of the drift and diffusion 
parameters: by Corollary 6.7 in the MDP holds if for any r/ > one can choose b, a > 
and K > such that 

ft 



lim e'^'' log P f sup / [b{X^Je) - h]d 

^t<T Jo 

hm e^'^ log P ( sup [ [a^{Xl/e) - ajds 

^t<T Jo 



> rj 

> T] 



-oo 



(1.4) 



-oo; 



the appropriate choice is announced in (jl.2|) 

The next section discusses the weak solutions of (jl.ip in the random environment. Our 
main result, Theorem 13.11 is formulated in Section [3] and is proved in Section [5] which is 
preceded by auxiliary results in Section [H The MDP gap between 



K G 



1 



and K G ( 



for oscillating and random environments is discussed in Section [H 



For reader's fast reference, the essential details of Puhalskii's method, adapted to our 
setting, are outlined in Appendix. 

2. Diffusion in random environment 

Hereafter, we will deal with a weak solution of the scalar equation explicitly constructed 
by time scaling and change of probability measure (for other approaches see [1] , [15] ) . 

Let a = be the Markov chain, defined in the previous section, and [3 = {Pt)t>o 

be a Brownian motion independent of a. Assume that the pair {a, (3) is defined on a 
stochastic basis {Q,J^,Y = {J-'t)t>o, Q) with the general conditions, a is .7i)-measurable and 
P is independent of Tq. 

For t > 0, introduce the stopping time Tt = inf |r : ^■2K^-2^(^p _^_^^^y^^ ds > t}. Since 

a^{u) > 0, we have /J"* ^77r^7(j0;+^^ds = t and, in turn, 

Jo 

Introduce the filtration G = {Gt)t>o with Qt '■= ^n- Obviously, [PrtiQt) is a continuous 
martingale with the quadratic variation process r^. Then by the Levy-Doob theorem the 
process 

Jo e^a{{/3r, +xo)/e) 

is Brownian motion. Since B = (Bt)t>o is independent of J-q and J^q = Qq, B = {Bt)t>o is 
independent of Qq. On the other hand, by the same reason a is ^o-™easurable. Hence, (Bt) 
and a{u) are independent random processes. 

Denote It := xq + /^tc Then, the definition of Bt implies the following representation for 

Yf. 

Yt = xo+ [ e^a{Ys/e)dBs. (2.1) 



Consequently, at least one weak solution of (jl.ip with zero drift exists. A weak solution of 
(jl.ip with the required drift can be constructed with the help of Girsanov's theorem. With 
Yt, defined in ([23]), set 

„ f b{Ys/e) 1 b\Yje) ^ 



e-a{Ys/e) 2 e^^a^Ys/e) 

Since — ^ } . is bounded and T < oo, we have /"„ T^^dQ = 1. We define a probability 

e''^a{Ys/e) 

measure P with dP := jxdQ. Then, by the Girsanov theorem. 



l„ e'a(Y,/e) 

is the Brownian motion with respect to G under P. In other words, the process Yj defined 
on the new stochastic basis (I2,.F, G = {Gt)t>o, P) admits the following representation 



Yt = xo+ [ b(Yje)ds+ [ e''a{Ys/e)dBs, 
Jo Jo 
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that is, It is a weak solution of (II. Since {Bt)t<T is P-independent of Qq and {a{u))^ is 
^o-measurable, the Brownian motion Bt and (j{u) are P-independent random processes. 

3. The main result 

Let = {Xf)t<_T be a weak solution of (jl.ip . Recall that X'^ satisfies LDP (in our 
case MDP) with the rate e^'^ and the good rate function J{u) in the space of continuous 
functions C^^t] endowed with the uniform metric if for any closed set F and open set G, 

'^e^'^\ogP{X^ £ F)<- inf J{u) 

e— >0 mS-F 

lime2'*logP(X^ £ G) > - inf J(u). 

Theorem 3.1. For k < 1/6, the family {X^}e_»o satisfies the MDP with the rate e^'^ and 
the rate function 

' rp UO=XO 

— f \v-^ - h]'^dt dut=utdt 



J{u 
with 



So u'^dt<oo 

oo, otherwise 

m , \ m m 

i=l * i=l * i=l * 

where {vri, VTm} is t/ie invariant distribution of a. 

The proof of this theorem requires some auxiliary results gathered in the next section. 



4. Auxiliary results 

Henceforth, 

- A* is transposed of a matrix A; 

- for any x € M'^, diag(x) is the diagonal matrix with (diagonal) entries Xj's; 

- / is a generic positive constant whose meaning may change from line to line; 

- inf{0} = oo. 

4.1. The Poisson decomposition. Let F°" = {J^t)teR be the filtration generated by a: 
Ti = {cr(ii),— oo < u < t}. Since a is an ergodic chain, its transition intensities matrix 
A has simple zero eigenvalue. Therefore, for any bounded measurable function ^(x) with 
E^(o-(0)) = there exists 7 > such that \ E{^{a{t))\J^^) \ < Ze'T* a.s. for any t > 0. Hence, 

E|E(^(c7(i)| Jo"") \dt < 00. Then (see e.g. Ch 9, §2 in [lO]) the process '^{a{s))ds obeys 
the Poisson decomposition 

f^{a{s))ds = Vt-Vo-Mt, (4.1) 
Jo 

where Vt is F'^-adapted process and Mf is F'^-martingale with right continuous pathes having 
left limits. In the case under consideration, Mt is a square integrable martingale (see Lemma 
I4.ip with the quadratic variation process {M)t. 
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Lemma 4.1. 

1) \Vt\ < I for any t > 0; 

2) Mf is a purely discontinuous square integrable martingale with bounded jumps; 

3) d{M)t = m{t)dt, m{t) < I. 

Proof. Denote by 







/M/(ai)\ 


m = 




and / = : 




V{<7(t)=a„}/ 


V*(am)/ 



The obvious equality ^{a{t)) = f*I{t) implies 

= E^{a{t))=f*EIit) = f*7T. 

This property of / and the aforementioned spectral gap of the matrix A guarantees solvability 
of the Poisson equation 

Ag = f (4.2) 
whose solution is unique in the class g*Tr = 0. Only this solution will be considered in the 
sequel. 

By Lemma 9.2, Ch.9, §9.1 in |9], 

Nt := I{t) - /(O) - / A*I{s)ds (4.3) 
Jo 

is a purely discontinuous martingale, with respect to F'^, with bounded jumps. We show 
now that Vt = g*I{t) and Mt = g*Nt- Multiplying from the left both sides of (j4.3p by g* and 
taking into account the definition of Vt and Mt we find that Mt = Vt — Vo ~ g* A*I{s)ds. 
Further, by (fOj) . g*A*I{s) = f*I{s) = ^{a{u)). In other words, (fOj) holds true with Vt 
and Mt chosen above. Therefore, statements 1) and 2) are obvious. The statement 3) is 
proved as follows: by the Ito formula we find that 

i{t)r{t) = 1(0)1* (0) + [\i{s)r{s)A + A*i{s)r{s)]ds 

Jo 

+ / [I{s-)dN: +dNsris-)] + [N,N]t 
Jo 

= i(o)r(o)+ / [i{s)r{s)A + A*i{s)r{s)]ds + {N)t 

Jo 

+ martingale, 

where {N)t is the quadratic variation process of Nt, and, owing to the identity I{t)I*{t) = 
diag(I(i)), also that 

I{t)r{t) = /(0)r (0) + / diag(A*/(s))ds + martingale. 

Jo 

Both representations for I{t)I*{t) imply that the predictable process with paths in the 
Skorokhod space of locally bounded variation 

r {[I{s)r{s)A + A*I{s)r{s)] - diag[A*I(s)])ds + {N)t 
Jo 
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is a martingale starting from zero. Hence, by Theorem 1 in Ch. 2, §2, [10], this martingale 
is indistinguishable from zero or, equivalently, 

{N)t = f (diag[A*/(s)] - [I{s)r{s)K + h.*I{s)r{s)])ds. 
Jo 

Therefore, d{M)t = g*d{N)tg = (diag[A*/(t)] - [I{t)r{t)A + A*I{t)r{t)])gdt. □ 

4.2. Exponential estimate for martingales with bounded jumps. For a continuous 
martingale M = {Mt)t>o with Mq = and the quadratic variation process {M)t the following 
exponential estimate is well known (see e.g. Lemma 1 in [H]): for any q,r > 0, 

2 

pfsup|Mt|>r, {M)t <q) <2exp( -^). (4.4) 
\t<T /V 2qJ 

A similar inequality holds for discontinuous martingales. 

Lemma 4.2. Let M = (Mt)t>o be a purely discontinuous martingale with Mq = and 
paths in the Skorokhod space B with bounded jumps |AAf(| < K and the quadratic variation 
process {M)t- Then, for any q,r > 

p(sup|M,|>r, iM)T<q)<2e.p{-^^^^). (4.5) 
Remark 1. ()4.4p is a particular case of (14. 5p for K = 0. 

Proof. Denote by /i = fj,{dt, dz) the integer- valued measure, associated with the jump process 
AMt, and hy u = i'{dt, dz) the compensator of fi (for more details, see e.g. [10] or [8]); clearly 
i/(M+ X {|z| > K}) = since \AMt\ < K. 

Then Mt = /g Jj^|<^ z[/i(ds, dz) - u^ds^dz)] and {M)t = f^^^^j^. z'^i'{ds,dz). Let ^t(A) 
be the cumulant process associated with Mt, i.e. for any A G M the random process 

3,(A) = e^^^*-^'W 

is a local martingale. It can be easily checked with the help of Ito's formula that 
ift(A) = Gt{\) + [log(l + Aa(A)) - AG,(A)] , 

s<t 

where 

Gt{X) =11 {e^" - 1 - \z)v{ds, dz) 

Jo J\z\<K 

AGt{X)= [ {e^' -1- Xz)u{{t},dz). 

J\z\<K 

The positive local martingale it{X) is also a supermartingale. Hence E3t-(A) < 1 for any 
stopping time r. Since AG((A) > and log(l + a;) — x < for x > 0, we have =5?t(A) < Gt(A). 
Consequently, ir ^ q^^It-Gt{X) £qj, ^^^y gapping time r, that is. 



For |z| < and |A| < we have 

e^"" - Az - 1 = > ^ — f- < > \\zY = — - < — r- 

^ j! ~ 2 ' 2 l-\Xz\- 2 l-\\K\ 

j=2 j=0 II II 

Hence 

Now, due to ()4.6I) . for any measurable set A we obtain that 

The choice of r = inf{t < T : Mt > r} and ^ = {r < T} n {{M)t < q} for any \X\ <l/K 
imphes 

1 > E/,^, exp (^AM. - (A/).) > E/(^> exp (^Ar - ^^^y • 

So, taking into account that {sup^^rp Mt > = {t < T}, we find that 

Ar(l - XK) - 

1 - XK )■ 



P( sup Mt > r, {M)t <q) < exp 

t<T 



Finally, the choice of A' = argmax [Ar(l — XK) — ^q] provides 

AG(0,-^) 

P(supMt >r, {M)T<q) < exp f - / V 
t<T V 2[Kr + q)J 

The same inequality holds for supt<7^(— Mj). 

Now, follows from P{ALIB) < 2 [P(^) V P{B)] , for any measurable sets A and B. □ 

5. The proof of Theorem 13.11 

Recall that (jl.4p implies the required MDP. We begin with the proof of the first part in 
()1.4p . Introduce the stationary process 

b{t) - b 



9{t) 



where b is a fixed constant such that E9{t) = 0; in other words, b = ^ ^^"V^' / X] ^• 

i=l °» 1=1 °» 



Define 



= / / e{s)dsdv. 
Jo Jo 



The random function H{x) is continuously differentiable and has bounded Sobolev's second 
derivative. Hence by Krylov's version of the Ito formula [7] 

HiXt/e) = H{xo/e) + j^^'' e{s)dsdXl + j\h{Xl/e) - h]ds 
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or, equivalently, 

/ [6(X|/e) - b](is = / / e{s)dsdv - e^^^-''^ / / 

Jo Jo Jo Jo Jo 



rX^/e rv 



xo/e fv 



6{s)dsdv- 



t j-X-Je 



JO 



6{s)dsh{Xl/e)dv-e 



t j-X-Je 



JO 



{s)dsa{X^/e)dB„. (5.1) 



Let denote any of the terms in the right hand side of (|5.ip . Obviously, the first part 
(fOl) holds true if 

lime^'^logPf suplZf I > 77) = -cx). (5.2) 

In order to simplify the proof of (j5.2|) . let us show that the set = | supj<2^ \ ^t\ > C*} is 
exponentiahy negligible in the sense 



lim lime^''logP(T^) = -00. 

C— »ooe— »0 



(5.3) 



Denote by Af = xq + b{XI/e)ds and Mf = e« a{XI/e)dB,. Since = Af + Mf and 
sup^j- \ Al\ is bounded by a constant independent of e, the proof of (|5.3p reduces to the 
proof of 



lim lim e^'^ log P( sup iMf I > C) = -00. 

C— »ooe^0 t<T 



Since P((M^)r < ITe^'') = 1, due to g3I), we have P(supj<r |Mf| > C) < 2exp (- ^^g^^) 
and in turn (j5.3|) . 

In view of (j5.3p . instead of (j5.2p it suffices to prove that for any C > 



lim log P sup > ?7, 12 \ 



-00. 



(5.4) 



Let Zf 



/o /(T (^{s)dsdv. Then, sup^j^ |Z^| is bounded from above on the set 



{f2\ T^} by Csup|„|<c le"*^ /J'^^ ^(s)(is|. Consequently, 





We 




( sup lei-^'^ 


/ e{s)ds\ 


> 




JO 










( sup 


/ e{s)ds\ 


> 


^M<c 


Jo 





and (j5.4p holds provided that 



lim e^*^ log P ( sup 



For Z^ := e 
plies ([53]) • 



^-^'^ f!^ f^^^' e{s)dsb{X'Je)dv and := e2(i-«) j-J^o/e jj' g^,,)^^^^^ ^ 



\v\<C 



r-v/e 













-c». 



(5.5) 



Recall that 6{s) is a strictly stationary process and, therefore, the distributions of 



sup 

0<-!;<C 



/ 9{s)ds and sup / 
Jo 0<i;<C J- 



v/e 



e{s)ds 
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coincide. Hence, 



P ( sup 

\v\<C 



A~2k 



v/e 



< 2 



P ( sup 

0<'t;<C 



e{s)ds 

v/e 





sup 

0<i)<C 



.1-2k 



v/e 



e{s)ds 



> 



2P( sup 

■ 0<«;<C 



.1-2k 



v/e 



e{s)ds 



> 



Thus, instead of (|5.5p . we shall prove 

lime^'^logPf sup e^-^'^ 9{s)di 

^0<D<C JO 



-oo. 



(5.6) 



Since 9{s) = ^'(cr(s)) and E9{s) = 0, by Lemma l4.ll we have 



.1-2k 



Jo 



where Vj is a bounded process and Mj is a purely discontinuous martingale with bounded 
jumps |AMs| < / and (M)^, < Iv. Therefore, we shall prove only that for any r] > 0, 



lim e^" log P ( sup le'-^^M^,/, \ > r? 



.1-2k i 



-OO. 



(5.7) 



By (|4.5p and P[{e^ '^'^M)^^^ < ICe^ ^'') = 1, we have the following upper bound for 



n < 



1 . 
4 ■ 



P( sup le^-^'^M^/J > ??) < 2exp [ 

^ 0<v<C ' \ 



-4k \ 



Consequently for k < i. 



.^-logP(^supJs^-^-M./,| >r,) <e^-log2- 



'0<-u<C 



and (j5.7|) follows. 

So, it is left to verify ^ for := e^"'' f^^^' e{s)dsa{X^/e)dB„. Since is 

continuous martingale with (Z^)i = e^^^"") ( /q'^"'''^ 0(s)(is)^(T^(X^^/e)dt; and < / we 
have 



{Z')t < Tl sup (e^"" 



s)ds\ , on the set \ T 
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on the set f2 \ T^, For r > 0, write 



pfsup|Zf| > 7?,f2\T^) < p(sup|Zf| > r?, {Z^)t<TI sup e^''' [ ^ e{s)ds'^ 

^t<T ' ^t<T \v\<C Jo 

< 2|pf sup|Zf| > r], {Z^)t < V/^Pf sup e^""^ / ^ 9{s)ds > re^) | 



< 4exp 



V4P 



sup 

0<v<C 



.1-2k 



v/e 



e{s)ds 



> r . 



(5i 



Since r in (15. Sp is an arbitrary positive parameter, we have 



lim log P( sup |Zf I > r/, \ T: 



< e^'' log 4 - -j^ \/ lim e^^^ log P ( sup 



4/r2 V £_^o 



0<j;<C 



6l(s)ds 



> r 



^? 

4?r2 r^O 



> — oo, 



where the equality is due to (|5.6|) proved above. 

The proof for the second part in p.4|) is similar: we introduce the stationary process 

m 

where a is a fixed constant such that E9{t) = 0, i.e. ^ = l/ t-j and set H{x) - 

i=l ' 

Jq Jq 9{s)dsdv. By Krylov-Ito's formula [7], 

H{X!/e) = H{xo/e) + j^^'' e{s)dsdXl + /t^'^^^'/^) " ^1^" 

or, equivalently, 

/ /e) - a](is = e^a-^) / / 9{s)dsdv - e^^^-^^ / / 9{s)dsdv- 

Jo Jo Jo Jo Jo 

ft i-Xl/e ft fXlle 

-1-2K \ I 9{s)dsb{X^/e)dv -e^-" / 9{s)dsa{Xl/e)dB„. 



£ 

lo Jo Jo Jo 

Other steps of the proof repeat the previous ones and are omitted. 

6. MDP GAP BETWEEN OSCILLATING AND RANDOM ENVIRONMENTS 



□ 



The MDP regimes for oscillating and random environments are proved for different ranges 
of k: 

K G ^0, and k G g 

respectively. This fact is explained by faster homogenization effect of the oscillating envi- 
ronment than the random one. This is clearly seen from the following proof sketch of the 
convergence in (|1.4p for the oscillating environment. 
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Denote by 0{s) either ^^^^J^ or 1 — and choose b and a to satisfy the condition 

/ 9{s)ds = 0, (6.1) 

JO 

that is, b = /,^^//,^^ and = l/ ^ds. Set H{x) = J^^ eis)dsdv. Apply- 
ing the Ito formula to e^^^~'*^if(Xf /e), we find that 



J^[b{XI/e)-h]ds 
J^[aHX!/e)-^.]ds 



2{1-k) 



XI /e fv 



■ e 



2{1-k) 



0{s)dsdv 

xo/e fv 







.1-2k 



.1-K 



t fXI/e 



JO 



JO 



9{s)dsdv 
B{s)dsh{Xl/e)dv 
>{s)dsa{X^/e)dB^. 



(6.2) 
(6.3) 
(6.4) 



Since 9{s) is a periodic function, (j6.1|) imphes that | Jq 0(s)(is| is bounded uniformly in t. 
This is the origin of strong homogenization. Namely, we have the following estimates for 
the terms in (j6.2p - ()6.4p (here / is a generic positive constant): 



^2{1-k) 



X-/e pv 



6{s)dsdv 



< le'-^^sup\X^\ 

t<T 



2(1-k) 



a;o/e rv 



6{s)dsdv 



< le 



1~2k 



.1-2k 



t pXI/e 



JO 



e{s)dsh{Xl/e)dv 



< le 



1-2k 



The second and third upper bounds are deterministic and so the corresponding terms are 
exponentially tight with the rate e'^'^ for any k > 0. Since b and a are bounded, using (|4.4p . 
we have 

lim Iime^'*logP(sup|Xf| > C) = -oo 

C— >oo e—^O ^<'p 

and, hence, the first term is exponentially tight for any k > as well. 

The restriction for k is imposed by the exponential negligibility with the rate e'^'^ of the 
continuous martingale Zf := e^~'^supi<7i | Jg f^"^'^ 9{s)dsa{X^/e)dBy\. Since 

{Z')t = e2(i-«) e{s)ds)\\Xl/e)dv 

and I Jq 9{s)ds\ is uniformly bounded in t (!), 
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Therefore, by Lemma l4.H 

p(sup\Zf\ > ri) =P( sup \Zf\> ri, {Z^)t < e^^^"''^ l) < 2 exp 



and so, e log P( sup^-p > r/ ) < e log 2 



2ie2(i-2K) 



2fe2{l-^);' 
oo only if K < ^. 



Appendix A. The LDP analysis 

The use of ()1.4p makes the proof of Theorem 13.11 transparent. As was mentioned, the 
implication 

(II. 4p =^ the statement of Theorem 13.11 (A.l) 

follows from Corollary 4.3.8 in [13j (see also Corollary 6.7 in [T3]) which are applicable not 
only to the setting under consideration but also to various classes of semimartingales. For 
reader's convenience, we show how (jA.ip works in our setting. 

Let = {Xl)i<_T be a continuous semimartingale defined on a stochastic basis, with the 
general conditions, (i7, F,^^ = {^l)t<T, P): 

Xf =xo+ [ bids + /" a^dBs, 
Jo Jo 

where the Brownian motion Bf and the processes bf, af are .F^-adapted (with \ bf\dt < oo, 
Joi^D'^dt < oo), a.s. e is a small positive parameter, k is a positive number. 

Theorem A.l. Assume < ci < |q^P < C2 and | < C3 and there exist constants b and 
a > such that for any r] > 



lim e^'^ log P ( sup 



lim e^'^ log P ( sup 



h]ds 



> r] 



-00 



[{alf - a]ds 



> rj 



-00. 



(A.2) 
(A.3) 



Then, the family {X^}^^q obeys the LDP with the rate e and the rate function 

Uo=Xo 

— f (iu - h)'^dt dut=utdt, 



J{u) 



00, 



So u1dt<oo 

otherwise. 



The proof of this theorem uses a standard fact (see, e.g. |12j): 

Exponential Tightness . 
Local LDP ^ ^ 



For the proof of exponential tightness and local LDP it is convenient to use the stopping 
time 



inf|t<T: J^[bl-h]ds + j^[{alf -ai]ds > c}- 
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Notice also that ()A.2p and (jA.Sh imply linie^o e^'' log P(''"£,c < o*^) = ~°o and, therefore, for 
any measurable set *B, 

lim e^'' log P (OS) < Tim lim e^'' log P (!B n {r^,^ = 00}). (A.4) 

A.l. Exponential tightness. Following |12j . we shall prove that 

lim lim e^" log P ( sup I I > C ) = -00 (A. 5) 

lim Iim e^'*' log sup P ( sup - X|| > r/) = -00, V r? > 0, (A. 6) 

where ^ is ^^-stopping time. 

A.1.1. The proof of (fXTS]) . Set <B := {supt<r|Xf| > C}. Due to (IXill . it suffices 
to prove that limc^oo hme-^o s^'' log P ( sup«y | | > C, r^^^ = cx)) = —00. To this end, 
using the random variable |xo| + |b|T + C + supi<'r je*^ /o^^'^ '' OL%dBs\ as an upper bound for 
supf<r l^f I on the set {te^^; = 00}, the proof reduces to 

hm hm e^'^ log P ( sup \e'^ \ a\dBs I > C, = 00 ) = -00. 

C^ooE^O ^t<T Jo ' / 

Applying (14. 4p to Mt = e'^ Jq^'^''^ a^dBg and taking into account that 

TAt, 



(M)t = e^'^ / ^'^ {alfds < e^"" [aT + C] 



we find the following upper bound P^sup^j- |Mt| > Cj < 2exp y — 2e'^'^{LT+() ) which, in 
turn, provides (|A.5p . □ 

A. 1.2. The proof of (IATgI) . Let Mt be the same as above and let J"^'^ = 

Denote := [Mg^t — Mq). The random process iVf is a martingale relative to ^'''^ with 

(iyf)^ = J^+\al)^ds. Denote Lf := 6^(is + iVf and notice that i^KM is nothing but 

lim lim lim e^'' log sup P ( sup |Lf| > r?) =—00, 

so that, in view of ()A.4p . it suffices to prove that 

lim lim lim e^'^ log sup P( sup |Lf | > 77, Tg a = 00 ) = —00. 

or, to verify the stronger condition 

lim lim lim e'^'^ log sup P ( sup > r/) =—00. (A. 7) 

Obviously, supo<t<5 \^\\ < (^jbl + C + supo<j<5 \Ntf^^^^. For fixed 77 we choose sufficiently 
small b and ^ such that (5|b| + < 77. Now, instead of ()A.7p we have to prove 

lim lim lim e^'" log sup P ( sup [A'^f | > 77 — 5|b| — ^ ) = — 00. 

C^0 5^0£^0 ^0<i<<5Ar^,(; ^ 
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Further, due to (iV^)Mr,.c = ^^"^ Ielt^^^'''^\al?ds < ^^^[Ja + C], by applying (jH to 



^tAT^ c ~ ^'^ /o '^s^^s we find the following upper bound 



P( sup |iVf| >r?-5|b| -C) < 2exp 



iv-s\h\-cy 

2e2'^((5a + C) 



which gives (|A.6p . 



□ 



A. 2. Local LDP. It is well known that for exponentially tight family {{Xf)t<T}£^o the 
rate function coincides with the local rate function J{u) determined by the conditions: for 

any u G C[o,t], 



lim lim e^*" log P sup |Xf - | < 5 < - J(n) 

(5-^0 e^O ^ t<T ^ 

lim lim e^" log P( sup |Xf - ut\ < 5 ) > -J{u). 



(Ai 



Since the range space of J(tt) is the interval [0, oo], we compute separately J(n) on two 
sets: ill = {n € C[o,t] • < oo} and il2 = {tt G '^[o,T] '■ J{u) = oo}. 

A. 2.1. Upper bound under J{u) < oo. 

Lemma A.l. (1A.8|) holds with J{u) = ^ jj" (itj — b)^(it /or any 

u E = xo, c^u* = iitdt, j ufdt < oo| =: ili. 
Proof. Denote = { sup^^j. \X^ — ut\ < 5}. In view of (|A.4p . it suffices to show that 



2a 



lim lim lim e'"^ log P(Q3a n {t^ c = oo}) < 
To this end, we introduce a martingale exponential 

^ ' '''^ X(s)[dXI-blds]-l- rX\s)ialfds 

^ ^0 



{ut - hfdt. 



t < T, 



where A(s) is a continuously differentiable function with the derivative \{s). Integrating 
by parts with the help of Ito's formula we find that X(s)dXg = X{T)X^ — A(0)xo — 
Jq Xg 'X{s)ds and rewrite logjf to the following form: 



log3T = ^ X{T)X^ - X{0)xo - / X'^Xis)ds 



mbl + ^{air\ds 
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Write 

[■T j-T y2( \ 

= X{T)uT - X{<d)uQ - / UsX{s)ds- / [X{s)h + ^^a]ds 
Jo Jo ^ 2 J 



+ X{T)[Xt-UT]- [Xl-Us]X{s)ds- (X{sm-h] + ^[{alf-^])ds. 

(A.IO) 

Integrating by parts we find that 

/ X{s)[hl-h]ds = X{T) [bl-hjds- A(s) / [bl,-h]ds'ds 
Jo Jo Jo Jo 

-±l[{atf - ^]ds = [(a^)2_a]ds-y^ X{s)X{s) - ^i]ds'ds, 

and transform (jA.lOp into 



J. J. \ 2 /' \ 

XiT)X^-X{0)xo- I XlX{s)ds-l (^X{s)bl + -^ialf)ds 

[■T j-T y2t \ 

= X{T)uT - X{<d)uo - J UsX{s)ds - J (^A(s)b + -^aj ds 

+ X{T)[Xt - ut] - Hxl - Us]X{s)ds 
Jo 

- A(T) / [6^ - h]ds + / A(s) / [b^, - h]ds'ds 
Jo Jo Jo 



T rT 



^ ' [{al)^-Si]ds+ I X{s)X{s) I [{al,)^ -ajds'ds. 



The right hand side of this identity can be estimated from below on the set ^ {r^ ^ = oo} 

by 

fT r-T y2t \ 

A(r)MT - A(0)no - / UsX{s)ds- / (X{s)h + —^aAds 
Jo Jo ^ 2 / 



T 



5i\XiT)\+ / \Xis)\ds 







c(|A(r)|+ r\X{s)\ds + ^+ r\X{s)X{s)\ds). 



With h = |A(r)| + J^\X{s)\ds + |A(r)| + J^\Xis)\ds + ^ + \X{s)X{s)\ds and the 
identity X{T)ut — A(0)no — Jq UsX{s)ds = X{s)utdt we find the foHowing lower bound 
for 3t: 

3, =exp(-J^[^ ^A(s)(^,-b)-^]d5-/i(,5 + C)]). (A.ll) 
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The martingale exponential 34 is a positive local martingale and a supermartingale too. 
Hence, Ejt < 1. This bound implies E/|(g^n{T=. j=oo)}3t < 1 and, in turn, 

E-f{Q3^n(T^,c=oo)}3* < 1- 
Jointly with (jA.lip the latter implies 

fT •v2/ \ 

limlimlime2«iogP(*B5n{Te,(; = cx)}) < - / <^ A(s)[ii, - b] ^aUs. (A.12) 

^— >0 5-^0 ' Jo ^ 2 J 

Recall that ()A.12h is valid provided that A(s) is a continuously differentiable function. As- 
sume that Us is also continuously differentiable. Then taking A(s) = we obtain the 
desired result. In the general case, ut is only a density of ut relative to dt, so that, A(t) as 
chosen above may not be continuously differentiable. In this case we use the identity 



-j^ [Xm{s)[Us-h]-^^]ds = - ^J^l-^ds + l^ |(A^(s) 

where Am(s) is a sequence of continuously differentiable functions such that 

hm / - Ar„(s) ds = 0. 



ds, 



□ 

A. 2. 2. Upper bound under J{u) = 00. Since il2 = Cjq^t] it suffices to verify the 
upper bound in (jA.Sp under the following conditions: 

(c.l) uq = xo, dut <C dt, Jq ii'^dt = 00 
(c.2) Uq = xq, dut ^ dt 

(C.3) Uq / Xo 

Lemma A. 2. For any of (c.l), (c.2) and (c.3), the upper bound in ()A.8p holds with 
J{u) = 00. 

Proof. 

(c.l) By ()A.12p and ()A.4p . for any continuously differentiable function A(s), we have 

rT \2( \ . 

limlime2«iogP(*B5) < - / ] A(s)['iis - b] ^a[ds. (A.13) 

s — ^0 £ — >o Jq L 2 J 

Let us take A„(s) = "''~^ /{|m^|<„} and choose a sequence of continuously differentiable 
functions Xrn,n{s) such that lim^_^oo 

Jq' [Xnis) - A„,„(s)]2 = 0. For A^,„(s) (jXH implies: 
mme^^logP{^s) < - r {A,„,„(s)[n, - b] - ^I^l^sijds. (A.14) 

The right hand side of (IA.14P converges to — Jq |An(s)[us — b] — ^^^^ajds with m 00. 

Noticing that — Jq \^\n{s)[us — b] — ^^^ajds = Jq [iis — b)^/{|u^|<„}ds, we find that 
for any n > 1, 

hm lim.2«logP(<B5) < -- {us - b)'/||,,|<„|ds — -> -00. 
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(c.2) We show that dut dt enables us to choose a sequence i = l,...n of 

nonover lapping intervals on [0, T] such that 



til 



oo. (A.15) 



i=l 



By the Cauchy-Schwarz inequality 



n 2 " "I P 



(^•16) 

Further, for any small positive number 7 one can choose intervals [sj,tj), i = 1, . . .n such 
that S[Li[*r ~ < 7 for ^-riy n > n^, where is some number depending on 7 and, at 

the same time, Yl7=i I'^t^ ~ '^sf\ > D > 0. Hence, (IA.16P implies < Y17=i ^ ^t"-s" ^ 
()A.15|) holds in view of D remains strictly positive with 7^0. 
We prove that 

lim lim IhJIlog P{^s n Kc = cx)}) < -^{h^T - 2h{uT - no) + ^ jll^f } 

i=i « * 

and, then, apply (jA.lSp . 

With X{t) = J2i '^i^{s"<t<t"}y we introduce a martingale exponential 



T 



A^(s)(af)2ds 



and estimate it from below on the set 55^ n {Te^(^ = 00}. Write 



i=l 



ds 



t2k 



} 



- ^E{^*K -^-?] 

i=l 



1 



2 . 



i=l 



Since E^t < 1, also ^I{^f,r\{T,^c^=oo}}lT < 1 and, in turn, ^I{'^^n{r^ (^=oo}}l* < 1- The latter 
implies 



lim lim lim e^"" log P(^s n {r^ c:=oo}) 



and it is left to choose Aj 
(c.3) is obvious. 



< - 

i=l 

[utu-U,n]-h[t^-S^] 



r 

and apply (lA.lSp . 



□ 
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A. 2.3. Lower bound. Since the upper bound equals —oo for any u G it2, the lower bound 
has to be checked for u G ili only. 

Lemma A. 3. (IA.9|) holds with J{u) = ^ {iit — b)^dt for any n E ili. 
Proof. It suffices to prove 

limlime2'^logP(«5) > / [iit-hfdt (A.17) 

only for u with continuous second derivative ut- Indeed, as ii^dt < oo, there exists a se- 
quence (?Xm(i))^>]^ of twice continuously differentiable functions such that their derivatives 

iy^rn{i)) j^^i approximate iit- linim^oo jiQ [ut — Um{t))'^dt = 0. The latter also provides 

rT 

SUpj-Ui - Ur,i{t)\ < [T [ {s)]^dsy^' .0. (A.18) 

t<T Jo 

Set ^s,m = { sup^<'p \Xf — Um{t)\ < 5} and suppose we know that 

limlime2'^logP(QS5,^) > [ [umit)-hfdt. 

For 7 > 5 > 0, write 

^5,m ^ (jS5,m H | SUp \ut - Um{t)\ < ^f^^ [J | SUp \ut - Um{t)\ > -y^ 



c 



sup 

t<T 



XI -Ut 



For sufficiently large m, the set { supj<'p \ut — Um{t)\ > 7} is empty. 
Hence, P(sup«2- — ut\ < 27) > P[^s,m) and, therefore, 

rT 



lim e'^'^ log P ( sup 



Xf-ut 



< 27) > [ut-hfdt. 



e^O ^ t<T 

and it is left to pass to the limit with 7—^0. 

The second helpful fact is that (IA.17|) with u, having continuously differentiable it, follows 
from 

lim lim lim e^^ log P( sup \X^ - ut\ < s) > -— [ [iit-hfdt. (A.19) 

Write 

\ sup \Xf - ut\ < d \ = I sup \Xf - ut\ < S, Te,c = oo] 

\\\ sup \Xf - ut\ < S,Ts,t: < oo\ 

C |sup|Xf -utl < (^|M{re,c < oo). 
^ t<T 
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Hence, we obtain the following inequality 



pf 



sup \Xl -ut\<5] <2 



• t<TAT^ , 



p(snp\X!-ut\<6)\/P{T,^^< 



t<T 



OO 



and in view of (jA.lOh and lim^^oo liiii£->o ^'^'^ log P{t£^( < cxd) = — oo, we obtain the required 
fOTl) . 

Henceforth, we focus on the proof of ()A.19p . where ut is assumed to be twice continuously 
differ entiable function. ^ 

Let us introduce a martingale exponential = e^^*~2 with 



Mt = — 



e Jo 



tAr^ 



dBs and {M)t = 



£ Jo 



tAr, 



{nt-(3t) 



<e\2 



[a' 



.e\2 



-dt. 



Since iit is bounded, {M)t is bounded too. Hence, we have E^t = 1- Set dP = ^rdP- Owing 
to 3t > 0, P- a.s., we have P ~ P with dP = }^^dP. Write 



P( sup \Xf -ut\ < 6 



KTAt, 



(A.20) 



First we show that 



limlimPf sup \X^ — ut\ < 6] = 1. 



(A.21) 



By the Girsanov theorem (see, e.g., Theorem 2, §5, Ch. 4 in |10|). the random process 



Bt = Bt 



tAT, 



(A.22) 



is a Brownian motion under P. Both process Xf and are semimartingales under P. In 
particular. 



X: 



tAT, 



xo + 



tAT, 



iigds + 



tAT, 



a^dBs = utAT.^c^ + e 



tAT, 



a^dBs. 



Consequently, 



t<TAT, 







\Xf — uA = sup 


e'^ / aldBs 


t<T 


Jo 



Using the Doob inequality, we find that 



P( sup \Xf - ut\ < 









) = P(sup 


/ aldBs 




' ^ t<T 


Jo 





1 - pf f 









(sup 


e'^ / aldBs 


>s) 


^ t<T 


Jo 





2k cTAt, q Ap^i^ 

■ {alfds > 1 - — — [aT + C] > 1. 



(A.23) 
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We return to the proof of (fAll) . Due to (K^ . we have 



3r = exp 



1 

£ Jo 



TAt, 



at 



1 



'£12 



2e2- Jo (a|)2 



and, setting ^s,e •= {supt<'p/\^ |Xf — < (5}, transform ()A.20p to 



iit - PI 







at 



28^" J„ (ai f ) 



Further, it is convenient to apply a few obvious relations. We choose / as un upper bound 
for 

{iis-hf , 2|n, -b| + |b-/3f 



Write 



i-TAt, 

Jo 



a(af)2 



< 



+ 



TAt, 



(a; 



c [(^^ _ b) + (b - /3f )]2 r , a-(a^)2 



1 + 



-ds 



+ 



^^-^^c 2|u, - b||b - m + (b - /3f)2 ^ |a - (a^)2| 



< 



< 



TAt, 



(n, - b)^ 



TAt, 



a-(a^)2| + |b-/?f 



(is 



^^"-.c (n, - b)2 



ds + (I. 



The latter implies 



1 

exp 



TAt, 



at 



2e2K 



u. 



ds]dP 



> exp 



2e2« 



1 A exp f — 



TAt, 



dB]dP 



("1 Aexp(- • • )" is introduced in order to have bounded integrand in the last integral above). 
Thus, we obtain the following lower bound: 



P' i'BsA >exp 



^ / {us- hfdt 
2a Jo 



2 



1 A exp ( 



^ Jo 



TAt, 



c Us - pi 



dB]dP 



(a|)2 ; 
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Further, by the Holder inequahty (here e < 1) 

{a 



'■SJ 



1 f^^^^-i Us - (31 

7^ 



< I / lAexp( -- / ^^dBs]dP 







Thus, we obtain 



lim e2«^ log P ( sup \Xf - ut\ < 5] > -— f {iis-hfds 

- ^ + lim e'" log / 1 A exp f - l^'^^"' "^l^dB^ dP 
>-— [ {us-h)^ds- — +logljm[ i/j'dP, 



where := 1 A exp ( - e'' Jq^'^"-'^ ^g^dS,). In view of (1X23]) . lime_^o P(^5,e) = 1 and, 
also, limg_^o fn^^^dP = 1. Hence, owing to -0^ < 1, 



> / V'-'dP - / dP > 1, 



17 ■^^^V'Bi,^ 



that is, loglim^^o I<Ss V'^^P — 0- 

Consequently, by an arbitrariness of ()A.17p is valid. □ 
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